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Heat Convection in a Nematic
Liquid Crystal

E. DUBOIS—VIOLETTE, E. GUYON and P. PIERANSKI

Laboratoire de Physique des Solides :.
Université Paris-Sud, Centre d’Orsay,
914085 Orsay

{Received November 11, 1972; in revised form March 30, 1973)

We present a theoretical and experimental study of the thermal properties of a well aligned
nematic Liquid Crystal in a vertical temperature gradient. Due to the long time constant of
the relaxation of the director and to the anisotropy of the heat conductivity, the value of
the temperature gradient threshold for convective instabilities is strongly modified as com-
pared to the isotropic case. Experiments on planar MBBA films show a drastic reduction of
the threshold. A detailed description of the shape and temperature distribution of the
convective rolls is given.

INTRODUCTION

The transport properties of a well aligned nematic liquid crystal (LC) film are
strongly anisotropic. We consider here the thermal behavior of such materials
both from the theoretical point of view and from experiments on MBBA (P
methoxy benzilidene p—n butylaniline). The thermal conductivity anisotropy is
noted k; =k;; — k| where // and L refer to the orientation of the thermal
gradient VT with respect to the director axis of the molecule p.

The most direct determination of k, uses the comparative measurement of
the temperature difference AT, across single crystal LC films oriented parallel

T Presented at the Fourth International Liquid Crystal Conference, Kent State University,
August 21-25, 1972.
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(planar) and perpendicular (homeotropic) to the walls of the cell (z = 0, d). Our
results' on rather thick films (d = 200 to 500 p) have led to an anisotropy ratio

kijlkp=5/3

Another determination uses the distortion of the LC in a magnetic field per-
pendicular to the film above the Freedericksz threshold H.. If the heat flow
through the LC is kept constant, the temperature gradient is found to increase
in an homeotropic sample (to decrease in a planar sample) when a field # > H,
is applied. Using the known expression of the distortion angle

8 (z) (we use the notations of (1))
and k (6)= (kL + k, sin®0) Planar
=(k// — kg sin*@)  Homeotropic
We got a good description of the Freedericksz transition and a value of the ratio
k///kL=1.6 +0.15

in agreement with the direct determination quoted above.

Comparable data have been obtained on P.A.A. by Longley-Cook and Kess-
ler>® on magnetically aligned samples. Previous experiments with samples of
incompletely defined orientation had led to contradictory results (a review of
these results can be found in (3)). In particular, a coupling between the heat
flow and molecular orientation®* has been reported in some cases. This coupling
was observed only in experiments with a vertical temperature gradient. The possi-
bility of a convection driven mechanism was eliminated on the ground that AT
was smaller than the threshold given in terms of a dimensionless Rayleigh num-
ber R.,. In the next chapter, we will analyse the heat convection mechanism in
LC and will see that the convective instability mechanism is quite different from
that in isotropic materials and can lead to drastically reduced thresholds. Qur
experiments on MBBA reported in Chapter 3 will provide an experimental des-
cription of this effect on MBBA.

THEORY OF THE CONVECTIVE INSTABILITIES

Isotropic liquid

The hydrodynamic instabilities present in ordinary liquids heated from below
have been extensively studied since the observations done by Benard in 1900.%’
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In a fluid film limited by solid surfaces, they appear above a threshold given by
R.r = 1740, where the dimensionless Rayleigh number is

ATd,,
KN

R[ =
The destabilizing upward buoyancy force pgaAT on the hot lower layers of
liquid is proportional to the value of the thermal expansion coefficient a.

The heat diffusivity x = p% (C = specific heat), which tends to prevent an

horizontal modulation of the temperature associated with the periodic convec-
tion, and the viscosity n act as stabilizing mechanisms. In a typical liquid com-
parable to M.B.B.A.

k > 1073 cm?/s,n = 1 Poise and AT, ~2°C ford=1cm
AT., ~2.10° °Cford =1 mm

Mechanism ina LC

The situation is quite different in a LC: in addition to the Bénard process, there
exists a specific mechanism due to the anisotropic properties of the LC phase.
This anisotropic mechanism is the dominant one and the threshold is modified in
ordered films. In particular, a new type of convective instability is predicted for
a sample with a negative value of k,.

Let us first analyse this mechanism qualitatively. As explained in Refs. 8 and
9, the effect of the thermal conductivity anisotropy k, of the liquid crystal is
very similar to the Carr—Helfrich process.!®!! We consider a nematic sample,
sandwiched between two places, in which a thermal gradient VT, = - § is ap-
plied by heating the sample from below (Figure 1).

We suppose that the LC is initially oriented with the molecules along Ox
(planar case) and we consider a fluctuation of the director orientation character-
ized by the angle ¢(x) between g and Ox. (The thermal fluctuations of oriented
liquid crystals are very reduced in the case of strong anchoring at the boundaries
and are negligible in the case discussed here (see the second part of Ref. 1). Due
to the thermal conductivity anisotropy, the heat flux lines are not perpendicular
to the plates but are deviated:

a) along the molecules if k;; > k|
b) perpendicular to the molecules if k§ > kjy
Warmer (2) and cooler (1) regions appear. The gravity forces induce opposite

hydrodynamic velocities in regions 1 and 2. The viscous torque, due to the
velocity gradient, is destabilizing in case (a) and stabilizing in case (b). In the
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first case (@), one expects an instability when the destabilizing viscous torque is
larger than the stabilizing elastic torque. On the contrary, in case (b) where the
viscous torque is stabilizing, the convection is strongly impeded. (Of course, the
Bénard instability will appear for k, = 0. But the LC stabilizing effect will be
dominant typically as soon as k; > 10°% cgs). Let us suppose now that the
sample is heated from above (Figure 2). From similar arguments, one predicts
that:

a) the system is stable if k;; > k|
b) the system is unstable if k) > kj;

The latter case, where we expect convective instabilities by heating the sample
from above, is of course characteristic of the properties (k, <0) of the liquid
crystal phase.

Thermohydrodynamic equations

We use the same model and notations as in Ref. 11:
— we assume that all quantities depend only on x and not on y or z. This
assumption is justified since the dominant viscous torque depends on the velo-

F) -
city derivative _3? : In most nematics y; ~—y, and the torque N 272 %—Zz exert-

ed on the molecules by the component of the fluid velocity perpendicular to the

Titra a_Vz
2 ax

molecules is much larger than the torque due to the component

parallel to the molecules.

A complete two dimensional model taking into account the x and z de-
pendence would be needed in order to obtain the optimal wave vector of the
distortion along Ox, as was done by Penz in the electrohydrodynamic case.
However, we will use here the same assumption the one that we used in the
electrohydrodynamic case'' and take the distortion wavelength of the order of
the sampie thickness as justified experimentally. This is known to reproduce the
two-dimensional calculation well in the electrohydrodynamic case.

— We consider small fluctuations §,(x) of the director g(f) characterized by
the angle ¢(x) = ¢ cos (k x)e*!. Only lowest order terms in ¢ will be retained in
the equations.

This approximation is correct as we are only concerned with the infinitesimal
distortions right above the threshold.

— we neglect, as in the Boussinesq'? approximation, the density variations
induced by 8T except in the buoyancy force (87T is the temperature fluctuation
induced by the fluctuation of orientation 8¢). This is justified because of the
small value of the thermal expansion coefficient o=~ 1073 to 107 C®'). Parame-
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ters such as viscosities, specific heat C, conductivities are considered independent

of T.
From the conservation laws, we obtain the four following equations:

Mass conservation equation
Let

T(z)=T, - fz

be the initial temperature. The density p(T") at temperature T is related to the
density p(T) at temperature T by:

AT)=p(T) (1 +AT - T)) (2.1)
Then, one has:
2i(Ti) = po (1 + afiz)

The mass conservation equation

)
— 4+ di =
3 Sp +div(pV) =0

written to first order in fluctuations leads to:

2 50+ pi diMY) + V(0 =0

where 8p =p(T; +8T) — p(T}) =— p(T{)o8T and V is the fluid velocity. Using
equation (2.1), this gives:

8p = —poa(l +ofz) 6T

The two terms 9 &p and ¥Y-V(p;) are both linear in a and in the fluctuations:
they can be neglected. This leads to:

divv=0

and justifies the fact that, in the following equations, we shall only keep the V,
component of the velocity.

Heat conduction equation  The conservation equation of the entropy s:

J . .
5;(ps) =—div(psV) — div(Js) + =
may be written as:

J
d_sz_ 1 ’B (2.2)
pTdt T div( T)+TZ
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where the heat flux I, is related to the entropy flux J; by:

g =Tl

Let us recall the expression of the viscous stress tensor 1!

o=« 1(n ZE) Q+722—719N+72:1|§Q+a4f=\+‘15 n(n A) +
1 dn
a (A n)n where A;; = 2(V,,+V,,) w—z—cg1!,§=a:—gAg
The entropy source TZ is defined as:
TE = — VT + 9 (23)

where the dissipation @ is:
9=0j V; i+ wl;
and the torque I' is:
8.5

=nAb h= "

~

In this espression the free energy ¥ includes, in addition to the Frank!? elastic
term F,;, terms due to external fields Fe, ¢ such as the magnetic field

F =f(Fd + Fext) &
1
Fey =5 (Ky (div n)? + Kp(n.curl n)* + K3(nA curl n)?)

(the distortion studied here involves only the bend elastic constant K3). The
dissipation, which includes only second order terms in the fluctuations, gives no
contribution to Eq. (2.3).

T We use the following notations:

f

2 bis a dyadic with the components (a b);; = a;b;, f.; = o

(Div ?) is a vector with components (Div ?)i =Z Tjj
7
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The heat flux 1, is expressed in terms of the thermal conductivity tensor K
and the thermal gradient as:

Jo=-kVT (2.4)

then, using Eq. (2.4) and (2.3), one obtains the heat conduction equation:

3
5 8T — BVz + k/k?8T + kY = 0 (2.4)
0¢

where ) = 3% is the curvature of the bend distortion and $is — V,T.

Angular momentum conservation The angular momentum conservation leads
to the torque balance equation:

nAh + Lyig = 0 (2.5)

The viscous torque Iy isexpressed in terms of the Leslie-Ericksen viscous stress
tensor ¢’ as:

a_¢ N1 M a_V_z) .
ot 2y, 0’

Tivis = €ijk 0jk = — AN + 72 An) = 7,(

Equation (2.5), written to first order in ¢, gives:

T1-72 9V,
—%y=0 (2.6)
27, az)

o¢
K3k2¢ + 71(& -

Acceleration equation The equation of motion, given from the conservation
of the linear momentum is:

S = -
Py (PY) = —Div(pV.V) + Div(¢¢ + o’) + pF 2.7

Ee, the elastic stress tensor defined in Ref. (11) gives no first order contribution
to Eq. (2.7). The external force is:

pF; = pgadT §;;

where g is the gravity acceleration.
Equation (2.7) defines, to the zero order in ¢, the pressure and gives, to first
orderin ¢ :

Y2-7 OT a? V.
. ' 2.8
27y, ax " (2.8)

av;
— = pgadT +

ot X
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where the viscosity 1’ is:

,_ Moy +oas + o) - 73
K 4

Instability threshold

The thermohydrodynamic behavior of the system is described by the
Egs. (2.4, 6, 8). The roll instability corresponds to positive values of the time
constant s~ (s real). Then the threshold is obtained by solving the system
(2.4, 6, 8) for s = 0. The calculation leads to a threshold

VeoT = ————=— (2.9)

4
or = - M (2.10)
pge
(72—‘71)2

with a viscous coefficient u=n" +
47,

(the critical Rayleigh number R, = 1740 is obtained for an optimum wave num-
ber k =~ 2"—r).

d
Indeed, in an isotropic liquid, the instability exists only if V;T is negative (this is
obtained when the sample is heated from below).

In a LC such as MBBA (where k; =~ 1073 cgs), the term a n,ﬁ"k2 in the

denominator of 2.9 gives a large contribution:
T= k% is the relaxation time of the distortion of the LC in the absence of a
3

field'® with the bend viscosity

11 QQag +as +ag) =7,

ng =
Y1-272 + 204 + as + ag
as defined in Ref. 15.
Using the expression of the viscosity ratio a = %—ﬁ, the expression (2.9) may
be written as: nB
Ver T = v,Tr
CL - Au x_a'yl -2 (2.1 l)
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With typical values of v, (0.76 Poise), v, ( — 0.79 Poise), K3 ( 10°® cgs)* ,we ob-

- Ka Yi—TY2 13
tamKa = 10

1) if k, > 0, one expects convective instabilities only for VT < 0. Ignoring
the effect of the cell boundaries, the above one dimensional analysis predicts an
approximate reduction of the critical threshold VT,, by a factor of 10° with
respect to the isotropic case.

2) for k, <0, expression (2.9) shows that convective instabilities can only
exist if VT > 0.

An explanation of the result of formulae (2.10 and 11) can be obtained by
expressing the inequality threshold in terms of some characteristic times:

T ~
cond// T

7 (a+ T ) > 1 (2.12)
conv anis

wk? 1 e
T =-—————and 7, = ——— are the characteristic times of the two
conv = Ty oz cond// Kk
processes (convection and heat diffusion) which exist in an ordinary liquid.

Tanis = s the characteristic time of the anisotropic mechanism (creation of
a

warmer and cooler regions due to the director fluctuation). The condition (2.12)
expresses the fact that the instability can set up only if the characteristic times
of the stabilizing processes (heat diffusion, liquid crystal relaxation) are larger
than the times corresponding to destabilizing processes (convection, anisotropic
mechanism).

If one applies a value AT=0.5°K ina MBBA sample of 1 mm thickness, one
obtains Tcony ~20s, Teond// = 1 8, Tanis = 15, T = 200 5. These values correspond

to the assumption k =~ %). The convection condition (2.12) is then satisfied for
such a LC sample. In an isotropic liquid of the same thickness, the condition

would reduce to the inequality Tcond// | which is not satisfied for the set of

Tconv
parameters just defined.

Finally let us point out that the convective threshold can be modified by
applying a magnetic field which changes the relaxation time of the structure
T.M

In the presence of a magnetic field 4| perpendicular to the plates, the relaxa-
tion time

B

Fo__™
Ksk* — X, Hi

(2.13)
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is increased. The magnetic field A} is destabilizing and lowers the threshold:

Hi

VI(H) = V(U = 0) (1 - ra ) (2.14)
C
where H, is the Freedericksz critical field 4, =g \} %

Xq is the magnetic susceptibility anisotropy. In a parallel-stabilizing-field H,;, we
obtain similar results to (2.13, 14) by changing H} by — H'/z/.

EXPERIMENTS

We will discuss here essentially the qualitative features of the convection. A
quantitative determination of the threshold requires the measurement of the
change in effective heat conductivity across the LC above R,,. This cannot be
done accurately with the “open” structure used in our optical measurements. In
addition, the time constant for appearance of convection is long, close to the
threshold (the value R, is characterized by an infinite time constant s-')
and a dynamical description should be made. This will be the object of an
independent report.

Geometry

The geometry of the optical cell is shown on Figure 3. The LC film is contained
between two transparent circular plates (¢ = 6 cm) separated by spacers of well-
controlled thickness (d = 500 4 to 2 mm with a thickness definition of the order
of 1 u). The planar alignment was obtained by polishing the plates: we use lucite
plates rubbed along one axis with a plastic polishing compound and we obtain thick
films giving the perfect conoscopic image of a uniaxial crystal. An alignment of

\ /

N o 11
= 3
@ l
|
—
A ! A}
T | A

/ \

FIGURE 3  Schematic of the thermal cell: 1, liquid crystal, 2, transparent glass or plastic
plates, 3 and 4, cold and hot circulating water.



Downloaded by [Tomsk State University of Control Systems and Radio] at 07:12 23 February 2013

HEAT CONVECTION 205

equivalent quality could not be obtained with polished glass cells of the same
thickness. The temperature gradient was maintained with a stability of 0.1°C by
circulating cold and hot water on the two external sides of the plates. The aspect
ratio of the cell was large enough to have a central part of the optical field
independent of the edge effects.

Observations

We consider here only experiments with temperature differences close from the
threshold values, which correspond to the theoretical treatment. In larger tem-
perature gradients, the structures become progressively more complex (non li-
near effects) as is also found in isotropic fluids.

If the heat is applied from above, no distortion of the LC can be obtained up
to the largest temperature gradient available (30°C). If the heat is applied from
below, distortion appears above a certain threshold AT,,.

A typical series of observations in a large enough temperature gradient is
shown in Figures 4-7 for a 500 u thick film. The applied temperature difference
is AT = 18.6°C whereas the measured threshold is AT,, = 15.5°C. Similar results
were obtained on a 1 mm thick cell with a correspondingly reduced temperature
gradient.

— The convection usually nucleates as pairs of convection cells around de-
fects of the structure (Figure 4). This is clearly due to the strong thickness
dependence as well as to the elastic distortion already present around such

FIGURE 4 The convection initially appears as a pair of rolls of opposite calculation.
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points. The growth time of a cell was typically of the order of 1 h when close
from AT,,.

— For larger times, a periodic roll structure develops (Figure 5). The axis of
the rolls is perpendicular to the initial orientation of the LC. The structure is not
observed in a light polarized perpendicular to the optical axis. These facts indi-
cate indeed that the convection is directly connected with the orientation of the
LC. The analogy between this structure and the Williams electrohydrodynamic
domains'” is striking as is the parallelism between the theoretical descriptions of
these two effects. However, unlike the Williams domains observed in thinner
films through the formation of optical focals, the observations are made here by
direct observation. A characteristic feature of the observation is the existence of
a double periodicity in the cell structure. The same effect is seen on Figure 7
showing a larger number of rolls. This turned out to be due to a small misalign-
ment of the cell with respect to the horizontality. A discussion of the physics of
this effect will be given independently. In order to characterize more precisely
the structure, we have applied two other techniques.

Topographic image An image of the LC deformation can be obtained by
illuminating the cell under a wide coherent monochromatic beam perpendicular
to the glass plates. Crossed polarizer and analyzer at 45° with the initial director
axis are used. An interference pattern due to the change of birefringence in dif-
ferent regions of the cell can be observed. Figure 6 gives such an image correspon-
ding exactly to the rolls of Figure 5. The sharp bright maxima of intensity of
Figure 5 correspond to undistorted regions (¢ = 0). The birefringence is stationary

FIGURE S Well-developed convection. The axis corresponds to those of Figure 1.



Downloaded by [Tomsk State University of Control Systems and Radio] at 07:12 23 February 2013

HEAT CONVECTION 207

FIGURE 6 Using coherent monochromatic parallel light, a topographic image of the rolls
of Figure 2 is obtained.

if one moves along Ox and Oy starting from these lines. These bright lines thus
correspond to the boundary lines between two convection rolls. The variation of
the birefringence is also small around the half way lines corresponding to inflexion
points in the curvature (¢ extremum). The count of interference fringes gives an
indication of the distortion. If one assumes a sinusoidal variation of ¢ along
Oz,¢ = ¢mcos£, with a small enough value of ¢,, the number N of fringes
counted from the lines of maximum birefringence (¢ = 0) to the regions of
maximum distortion is:

NeLn o
= —-—n —_——

a’ nd’ M
This gives values ¢ps = 16° and 9° for the larger and the smaller periods. In fact,
the topographic image can be used to observe the onset of instability (a distor-
tion @ of the order of 2° can be detected) more accurately than direct vision
with a reduced contrast.

Thermal image  If a small horizontal temperature gradient is introduced, when
the temperature of the upper plate is close from the critical temperature of MBBA,
Tc, a thin interfacial layer can be created in a region of the field of vision. When
the limit of the interface, which is essentially the isothermal line T = T, crosses
the convection rolls, it develops a zig zag structure, due to the temperature mo-
dulation, at right angle with the rolls. The hot lines correspond to the points of



Downloaded by [Tomsk State University of Control Systems and Radio] at 07:12 23 February 2013

208 E. DUBOIS-VIOLETTE, E. GUYON AND P. PIERANSKI

FIGURE 7 Regular array of rolls.

largest penetration of the interface in the nematic. Such a structure is shown on
Figure 8 together with a schematic representation of the cell and orientation
pattern. The shadows which reveal the curvature of the rolls have been produced
by slightly inclining the parallel beam of light. The roll structure extends in the
region with an interface. A more detailed description of the interfacial properties
will be discussed later.'3

Quantitative measurements The wavelength of the cell pattern A was of
1.15 £ 0.05 mm for the 500y thick cell and 1.9 + 0.1 mm for the 1 mm one.
These values are compatible with the choice kd = 7 or A = 24 used in the
theoretical analysis.

The temperature threshold AT, (H=0) is of 15.5° ford = 500 i and 2.3° for
d =1 mm. This is consistent with the d~3 dependence. The absolute values agree
reasonably well with the theoretical estimate.
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Tix,0,0) = T+ 6Tcoske

TE Oy 0 = T, « =y ¥

FIGURE 8 The lower temperature is close from 7, and the temperature gradient has a
small component along Oy. The wavy shape of the limit between the regions with (left part)
and without (right part) an interface allows an estimate of the horizontal modulation of
temperature in the presence of convection.

Magnetic field dependence

In order to study the magnetic field dependence of the threshold, we have
replaced the parallel wall cell by a wedge geometry. The thickness was varied
typically by a factor of 2 (d =~ 1 mm to 500 u) over the length of the cell. The
axis of the wedge was perpendicular to the molecular axis. A schematic descrip-
tion of the set up is shown in the insert of Figure 9. The results of a typical
experiment were presented on a slow motion movie in the 1972 Kent Li-
quid Crystal meeting. The limit between the thinner undisturbed regions and the
thicker ones where convection is observed is very sharp because of the strong
dependence of AT,, with d. The dependence of the temperature threshold with
a stabilizing field /;; and destabilizing field H| was observed from the displace-
ment of the border line. The results of the observations are summarized in
Figure 9. The time interval between two consecutive measurements was larger
than 10 h to make sure that a stable state had been reached.

In zero field, the critical thickness is found to decrease as the temperature
difference between the plates increases. The critical thickness is deduced from
the position of the boundary line identified by index 1 to 5 on the cell (1 corre-
sponds to the smallest thickness).
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The effect of a slabmzmg —Hj/— and destabilizing —#) - field is shown on
the same diagram with H// plotted along the positive x axis and I-I2 along the
negative one. In agreement with the preceeding results (formulae (2 13) and
(2.14)), we find: 1) AT,, increases linearly with H?/ and decreases linearly with
H?, 2) the [/ and 1 variations define a single law, 3) the extrapolation of
AT, to zero should give the value of the Freedericksz critical field. This has
been checked by comparing with independent measurements of H..!
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FIGURE 9 The insert shows the geometry of the wedge shaped cell and the index num-
bers refer to equidistant lines. The limit of the convective domain is measured with respect
to these lines. For a given position of this limit (constant index), i.e. for a given thickness,
the temperature threshold increases in a parallel field and decreases in a perpendlcular one as
H? . It vanishes at the Freedericksz critical field.
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CONCLUSION

In conclusion, we have demonstrated both experimentally and theoretically the
original features of the heat convection mechanism in a nematic LC film, of
positive heat conductivity anisotropy. This provides a clue to the understanding
of the orientation effect for such a LC in a vertical thermal gradient.'®>?°
Experiments on materials with a negative heat conductivity anisotropy are de-
sirable. In addition, the use of the LC provides a new approach of the important
problem of cellular convection in ordinary liquids:” it offers the possibility of
studying the convection on very thin layers or with very high Rayleigh numbers.
The measurement of the birefringence as well as the use of the strong variation
of the physical properties with temperature and of a liquid-liquid phase transi-
tion offers original tools to study the topography as well as thermal image of the
convection.
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lent. In particular, the predicted value of the instability threshold for a planar film
heated from below agrees well with our determination.

We have recently studied hcat convection in planar films of paraazoxyanisol. The
results are very similar to those on MBBA and show a strong reduction of the threshold
value as compared with an estimate for the isotropic case. The magnetic film de-
pendence is similar to that presented in Figure 9. This result is consistent with the
positive value of x, for PAA obtained in Ref. 3.





